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ABSTRACT
The two outer triangular caustics (regions of inÐnite magniÐcation) of a close binary microlens move
much faster than the components of the binary themselves, and can even exceed the speed of light. When
where vc is the caustic speed, the usual formalism for calculating the lens magniÐcation breaksvZ 1,
down. We develop a new formalism that makes use of the gravitational analog of the Lie nard-Wiechert
potential. We Ðnd that as the binary speeds up, the caustics undergo several related changes : First, their
position in space drifts. Second, they rotate about their own axes so that they no longer have a cusp
facing the binary center of mass. Third, they grow larger and dramatically so for v? 1. Fourth, they
grow weaker roughly in proportion to their increasing size. Superluminal caustic-crossing events are
probably not uncommon, but they are difficult to observe.
Subject headings : binaries : general È gravitational lensing
1. INTRODUCTION
Microlensing is gravitational lensing in which the separa-
tions between the images are too small to be resolved. The
directly detectable consequence of microlensing is that the
brightness of the source varies in a way determined by the
lens properties and the projected lens-source trajectory.
(1986) pointed out that microlensing would be aPaczyn ski
useful tool to detect massive compact halo objects. Micro-
lensing surveys have since been carried out toward the
Galactic bulge, the Magellanic Clouds, and M31. About
500 microlensing events have been detected to date (see
Mao 2000 for a review).
Gravitational lensing by two point masses was carefully
studied by Schneider & Weiss (1986). The most striking
feature of such binary lensing is its caustics : one or several
closed curves in the source (objects to be imaged) plane
where a point source is inÐnitely magniÐed by the lens. As a
reÑection of the caustic structure of the magniÐcation, the
light curves of such binary lensing events may have multiple
peaks. Microlensing surveys have detected about 30 such
events (e.g., Udalski et al. 1994 ; Rhie & Bennett 1999 ;
Alcock et al. 2000). Star-planetary systems are an extreme
form of binary. Mao & (1991) Ðrst suggested thatPaczyn ski
extrasolar planetary systems could be discovered by micro-
lensing surveys.
Dominik (1998) conducted the Ðrst systematic investiga-
tion of the e†ect of binary rotation on microlensing light
curves. Although all physical binaries rotate, static models
suffice to reproduce the light curves of the great majority of
observed microlensing events, even those with superb data
such as MACHO 97-BLG-28 (Albrow et al. 1999a) and
MACHO 98-SMC-1 (Afonso et al. 2000). The only event
observed to date for which a rotating model is required is
MACHO 97-BLG-41 (Albrow et al. 2000), and static
models are excluded for this event only because the source
traverses two disjoint caustics, a rare (so far, unique)
occurrence. Bennett et al. (1999) had earlier proposed that
the odd light curve of MACHO 97-BLG-41 could be
explained by a triple-lens system consisting of a binary plus
a Jovian-mass planet.
In the treatments of binary rotation given to date
(Dominik 1998 ; Albrow et al. 2000), the light curve is
actually calculated by considering a series of static binaries,
each with the conÐguration of the binary being modeled at
the instant when the light ray from the source passes the
plane of the center of mass of the lens. That is, the deÑection
of light by the binary, a, is taken to be the vector sum of the
deÑections produced by the two components of the binary,
according to the Einstein (1936) formula,a \ a1] a2,
a
i
\ [ 4GMi
b
i
2 c2 bi . (1)
Here is the mass, and is the impact parameter of theM
i
b
iith component of the binary.
This approach is strictly valid only in the limit
v> 1, v4
ub
c
, (2)
where 2n/u is the period of the binary. For MACHO
97-BLG-41, the only microlensing event for which rotation
has been measured (Albrow et al. 2000), vD 10~4, so this
approach is certainly valid. However, in principle v can be
close to unity or can even greatly exceed unity. In this case,
it is necessary to take account of the binary motion during
the time that the source light is passing close to the([b)
lens plane. The Einstein formula (eq. [1]), which was calcu-
lated for a static lens, is then no longer valid.
Here we study the rotation e†ects on the caustic structure
of close, rapidly rotating binary lenses. We present our main
idea and method in ° 2 and discuss the rotation e†ects in ° 3.
In ° 4 we summarize our results and discuss some possible
applications.
2. MAIN IDEA AND METHOD
As mentioned in ° 1, the binary phase varies during the
time that the photons are traveling from the source to the
observer. This modiÐes the calculation of the instantaneous
magniÐcation map, especially for The retarded gravi-vZ 1.
tational potential then begins to di†er signiÐcantly from the
naive Newtonian potential, which would normally be ade-
quate in the weak-Ðeld limit and which is used to derive
equation (1).
2.1. Retarded Gravitational Potential
As an approximate result of EinsteinÏs Ðeld equations, the
deÑection of a light ray passing through a static gravita-
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tional Ðeld can be expressed as an integral of the gradient of
the Newtonian gravitational potential performed along the
trajectory of the light (Bourassa, Kantowski, & Norton
1973) :
a \ [ 2
c
P
~=
`=
$/ dt , (3)
which yields equation (1). However, for the nonstatic case,
the conÐguration of the gravitational Ðeld will propagate at
light speed, and we must instead use the retarded potential.
In analogy to the results of classical electrodynamics (e.g.,
Jackson 1975), the gravitational potential at Ðeld point r
and time t is contributed by every mass point r@ at an earlier
time t@\ t [ o r [ r@ o /c,
/(r, t)\ [
P Go(r@, t@)
o r [ r@ o d3r@ , (4)
where o is the (time-dependent) mass distribution.
For a point mass M, the retarded potential (eq. [4]) can
be written, similarly to the potential,Lie nard-Wiechert
/(r, t)\ [ GM
(1[ n@ Æ b@) o r [ r@ o , (5)
where n@\ (r [ r@)/ o r [ r@ o , b@ is the velocity of the point
mass divided by c, and the prime denotes the value at time
t@,
t \ t@] o r [ r@(t@) o
c
. (6)
The Newtonian gravitational Ðeld, g \ [$/, is then
g(r, t)\
C
$
GM
(1[ n Æ b) o r [ r@ o
D
t{
\
C
[ GM
(1[ n Æ b)2 o r [ r@ o2 (n ] b)
D
t{
. (7)
For those rays that pass across the lens at a distance
much greater than the Schwarzschild radius 2GM/c2, the
total deÑection angle caused by several lens objects is a
superposition of the individual deÑections (Bourassa et al.
1973). From equations (3) and (7), we have
a \ [;
i
2GM
i
c
P
~=
`= C n
i
] b
i
(1[ n
i
Æ b
i
)2 o r [ r
i
o2
D
t{
dt . (8)
It is convenient to take the time when the photon crosses
the lens plane as t \ 0. Then at a distance o ct o to the lens
plane, the photon will feel the potential caused by the point
mass at time t@. We haveM
i
o r [ r
i
(t@) o\ Jbi2(t@)] (ct)2 , (9)
where is the distance from the point mass to theb
i
(t@) M
iimpact point at time t@. Substitution of equation (9) in equa-
tion (6) yields
t \ 1
2
t@[ bi2(t@)
2c2t@ . (10)
This relation between t and t@ reÑects the retarded e†ect.
For a Ðnite and under the condition t [ t@, we Ðnd thatb
i
(t@),
when t ] [O, t@] [O and when t ] ]O, t@] 0~. That
is, t@^ 2t when t > 0 and t@^ 0 when t ? 0. For a circular
orbit, this means that as a photon moves toward the rotat-
ing system, it will ““ Ðnd ÏÏ that the angular velocity of the
system is nearly doubled, and as it moves away from the
system, it will feel an almost static Ðeld. Equation (10)
makes it possible to replace the integration variable in
equation (8) with t@ (from [O to 0).
2.2. L ens Equation
The lens equation, i.e., the light-ray deÑection equation,
tells one how the light-ray deÑection maps points in the
source plane into points in the image plane (lens plane). If a
photon comes from point g in the source plane and hits
point f in the lens plane, we have (Schneider & Weiss 1986)
g \ Ds
D
l
f[ D
ls
a(f) , (11)
where and are the distances from the observer to theD
s
D
lsource plane and to the lens plane, respectively, and D
ls
\
is the distance between the source and the lens.D
s
[ D
lIn this paper, we consider a simple case : the lens is com-
posed of two stars with equal masses rotatingM1\ M2,about each other in a circular face-on orbit. We deÐne the
distance between two stars to be 2a and the angular velocity
around the center of mass to be u (see Fig. 1). We deÐne the
radius of the Einstein ring generated by the total mass
to be (e.g., Schneider & Weiss 1986)M1] M2
rE\
S4G(M1] M2)
c2
D
l
D
ls
D
s
, (12)
and then normalize the coordinates of points at the lens
plane and those at the source plane using this radius and
the radius projected onto the source plane, respectively :
X \ a
rE
, (13)
r \ f
rE
, (14)
x \ g
A
rE
D
s
D
l
B~1
. (15)
The consequent lens equation is given in the Appendix.
The focus of the present study is the case X > 1, for
which there are two small triangular caustics lying at pro-
jected distances from the binary center of massDrE/(2X)(Schneider & Weiss 1986). As the binary rotates at angular
speed u, the caustics rotate with it. Hence the transverse
speed of the caustics is v/(2X2), where v\ ua is the speed of
the binary components. For very small X, the caustics can
move much faster than the speed of light (““ superluminal
motion ÏÏ) even when the binary itself is well within the non-
relativistic regime.
Since we have Ðxed the mass ratio, andM2/M1\ 1,adopted a face-on, circular orbit, there are only three free
parameters of the lens system, X, u, and a. However, from
the standpoint of studying the caustic structure that
appears in diagrams from which all physical dimensions
have been scaled out, it is only necessary to consider dimen-
sionless parameters. There are two independent such
parameters. One is X. There are two obvious possible
choices for the other,
b \ ua
c
, v\ urE
2cX
\ b
2X2 . (16)
From source plane
Lens plane
|ct|
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FIG. 1.ÈGeometry of the rotating binary lens with equal masses and face-on circular orbit. At time t, the photon feels a potential generated by the two
stars at an earlier time t@.
The Ðrst is the speed of the lenses as a fraction of the speed
of light, and the second is approximately the speed of the
caustics as a fraction of the speed of light. As we show in the
next section, v is a more useful parameter than b because the
caustics are more directly a†ected by their own speed rather
than that of the lenses.
To make a two-dimensional magniÐcation map of the
lens system (around the caustics), we use the inverse ray-
shooting technique (e.g., Schneider & Weiss 1986 ; Wambs-
ganss 1997). Uniformly distributed light rays in the lens
plane are evolved back to the source plane according to the
lens equation. The magniÐcation of each point in the source
plane is then proportional to the density of rays at this
point. We study the cases of X \ 0.1, X \ 0.05 with various
values of v.
3. EFFECTS OF THE ROTATION
Figure 2 displays some examples of the outer caustics
generated by adopting di†erent parameters. Compared with
the static case, these caustics show some new features.
3.1. ““Orbit Position ÏÏ of the Caustic
In the static case, the outer caustics of an equal-mass
binary are located along the perpendicular bisector of the
binary. If the binary lens rotates around the center while the
photon is traveling, it is not hard to imagine that the conse-
quent caustics will drift with respect to the bisector of the
FIG. 2.ÈOuter caustics of a rapidly rotating binary lens. The upper and
lower panels show the X \ 0.1 and X \ 0.05 cases, respectively. In each
panel, caustics are shown for v\ 0, 0.5, 1, 5, 10, from left to right, respec-
tively. In the lower panel, the three smallest caustics are also shown
expanded by a factor of 20.
0 1 2 3 4 5
0
20
40
60
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binary lens at phase t \ 0. It turns out that the direction of
this drift is opposite to the rotation. Physically, the reason
for this ““ opposite ÏÏ drifting is that at all times t, the phase of
the binary corresponds to an earlier time t@\ 0. See equa-
tion (10) and the analysis following it. In Figure 3 we show
the angular position of the caustic relative to the static case
as a function of b. For we Ðnd a Ðtted formula forb [ 0.1,
the ““ orbit ÏÏ angle (in radians) :horbit
horbit\
4
7
b \ 8
7
X2v . (17)
We Ðnd that the Ðtted coefficient in equation (17) is very
close to the ratio of two small integers (4/7), but we do not
know whether this result is exact.
3.2. ““ Spin ÏÏ : Pointing of the Caustic
Apart from the outer causticsÏ orbit motion as a whole,
these ““ concave triangles ÏÏ have their own rotation. We use
the direction of a vertex (the one pointing to the center of
mass in the static case) as a tracer for the causticÏs ““ spin.ÏÏ
Unlike the Moon, which always shows the same hemisphere
to the Earth, these triangles spin much faster than their
orbital rotation. For the nonstatic case, they will no longer
point to the center of mass. See Figure 4. The Ðtted formula
for the spin angle (in degrees) for v\ 2 ishspin
log hspin\ 31.32 log v] 0.02154 . (18)
3.3. ““Expansion ÏÏ : Enlargement of the Caustic
For the static case, it is known that the closer the binary
is, the farther away the triangular caustics are from the
center of mass and the smaller they become. The outer caus-
tics shrink almost to a point in the case of very small X.
However, after taking the rotation e†ect into account, we
Ðnd that the tiny caustics are strikingly magniÐed. Mean-
while, unlike the static case, the shape of the caustics grad-
ually loses its symmetry. We choose the area inside the
FIG. 3.ÈOrbit rotation angles of the outer caustics as a function of b.
FIG. 4.ÈSpin angle of the outer caustics as a function of v. The inset
details the behavior for v\ 5.
caustic as a measure of the expansion e†ect. Since in the
static case, the linear size of the outer caustic scales approx-
imately as X3, we normalize the area in our case by X6. The
expansion e†ect is illustrated in Figure 5.
3.4. MagniÐcation Properties
The rapidly rotating binary lens makes the outer caustics
move with a speed comparable to light speed, which in turn
brings some new phenomena to the magniÐcation proper-
ties of the caustics.
First, the expansion of the outer caustic dilutes the mag-
niÐcation. In the static case, the magniÐcation factor near a
FIG. 5.ÈExpansion e†ect of the outer caustic. The area inside the
caustic is normalized by X6.
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FIG. 6.ÈStrength of the three caustic lines of the outer triangularu
rcaustic as a function of v (for the case X \ 0.1, normalized by X3). See text
for the deÐnition of The counterparts of the left, bottom, and rightu
r
.
caustic lines in the static case (see Fig. 2) are represented by the solid line,
dashed line, and dotted line, respectively.
caustic curve can be described as A(u)\A0 ] (*uM/ur)~1@2,where is the perpendicular distance to the caustic and*u
Mand are constants (Schneider & Weiss 1986, 1987 ;A0 urAlbrow et al. 1999b). Hence describes the strength of theu
rcaustic. We investigate the variation of as a function of vu
rand Ðnd that rapid rotation weakens the strength of the
caustics. The relative strength of the three caustic lines (of
the triangular caustic) also changes (see Fig. 6 for the case
X \ 0.1) : one caustic line (left border ; see Fig. 2) becomes
the strongest one at large v (large area). With a dimension of
linear size, is expected to scale as X3. However, our calcu-u
r
FIG. 7.ÈTimescale to cross the outer caustics in units of normal-rE/c,ized by X3, as a function of v.
lation shows that there is a slight deviation from this scale
law: the change of for X \ 0.05 is a little steeper thanu
rthat for X \ 0.1. Taking account of our resolution, we are
not sure whether this marginal e†ect is real or not.
Second, the velocity of the source with respect to the
outer caustic is overwhelmingly determined by the causticÏs
high speed. The relative source-caustic trajectory is then a
small piece of arc centered at the binary center of mass. The
rapid rotation implies that the timescale for crossing the
caustic will be very short. We choose the square root of the
area S inside the caustic as the size of the caustic, and the
crossing time is then
t
c
\JS
v
rE
c
, (19)
where is the Einstein ring deÐned in equation (12). SincerEthe area scales very nearly as X6 (see Fig. 5), this timescale
can be normalized by X3. As shown in Figure 7, has at
cminimum near vD 1. At smaller v, becomes larger mainlyt
cbecause of the ““ low ÏÏ speed of the caustic, and at larger v,
mainly because of the expansion of the area.
4. DISCUSSIONS
In this paper, we point out that a modiÐcation is neces-
sary to get the instantaneous magniÐcation map for close,
rapidly rotating binary lenses, in which case the outer caus-
tics have a very high speed which can even be superluminal.
Taking the retarded gravitational potential into consider-
ation, we investigate the outer caustic behavior for such a
lens with equal masses and face-on circular orbit. Com-
pared with the static case, the caustic is displaced in orbit
position and is rotated about its own axis. The most
remarkable result is the enlargement of the caustic by the
rapid motion of the lens. This increase in size induces a
corresponding drop in the strength of the caustic.
Instead of starting from EinsteinÏs Ðeld equation, we use a
retarded potential at the Ðrst step. Although strictly speak-
ing this method has its limitations, it is a reasonable
approach for our purpose, since our analysis focuses on the
high speed of the outer caustics while the binary itself is not
in the extreme relativistic regime.
What is the possibility of observing superluminal caus-
tics ? Combining the deÐnitions of v and with KeplerÏsrEthird law yields
v\ (2GM)3@2D
c3a5@2 \ 0.37
A M
M
_
B3@2A a
0.1 AU
B~5@2 D
2 kpc
,
(20)
where and M is the mass of one binary com-D\D
l
D
ls
/D
sponent, and where we have normalized to the case of a pair
of solar-mass stars seen halfway to the Galactic center.
Equation (20) can be rewritten in terms of X,
X \ 2~9@10v~2@5
AGM
Dc2
B1@10
\ 0.012v~2@5
A M
M
_
B1@10A D
2 kpc
B~1@10
. (21)
Note that this result is extremely insensitive to either M or
D, so that in practice X and v are closely correlated. Hence,
to obtain vD 1 would require X D 0.012, a factor of 4
smaller than even the lesser of the two values that we exam-
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ined in this paper. For the case of X \ 0.1 in this paper, the
value of v is about 0.005 which is almost indistinguishable
from the static case, or, in other words, we can study such
cases by considering a series of static binaries (Dominik
1998).
From Figure 5, the combined cross section (linear size) of
the two caustics at vD 1 is that is, a factor ofS1@2D 8X3rE,4X3 smaller than for the lens itself. For X \ 0.012, this
factor is 10~5, so that at Ðrst sight it appears completely
hopeless that superluminal caustics would ever be observed.
However, the event rate is the product of the cross section
with the transverse speed, and the caustic moves D103
times faster than the transverse speed of the binary center of
mass. In fact, since the caustic is likely to be smaller than the
source, the event rate is given by the source size times the
transverse speed of the caustic. Thus, the ratio of
superluminal-caustic events to normal events generated by
the same binary is
!super
!normal
D
2R
*
D
l
/D
s
rE
vc
v
M
D 1.2
R
*
/R
_
rE/6 AU
v
v
M
/200 km s~1 ,
(22)
where is the radius of the source and is the transverseR
*
v
Mspeed of the binary center of mass. That is, the two types of
events are about equally likely. Note that only a small
minority (roughly a fraction X) of the superluminal events
occur in association with a normal event (where the source
passes within the Einstein ring). The rest are isolated ““ spike
events.ÏÏ
The real problem with observing superluminal events is
not that they are uncommon but that they are weak : the
principal reason being that we cannot adjust v and X arbi-
trarily for an actual binary lens system (see eq. [21]). For
the caustic covers (and hence magniÐes) only a smallv[ 1
fraction of the source star. For example, for X \ 0.012,
kpc, and the caustic coversM \M
_
, D
l
\ D
ls
\ 4 R\R
_
,
only 0.01% of the source and hence the magniÐcation is
D1.0001. Since the event lasts only s, such aD2R
_
/cD 5
magniÐcation is unobservably small even with a 100 m tele-
scope (Gilmozzi et al. 1998). Of course, for higher v, the
caustic area grows, but, as we discuss in ° 3.4, the strength of
the caustic declines. Hence, at least for the present, the
observational possibility is very small and superluminal
caustics appear to be of mainly theoretical interest.
We thank Scott Gaudi for valuable discussions. This
work was supported in part by grant AST 97-27520 from
the NSF.
APPENDIX
The lens equation can be written in terms of the normalized coordinates of points at the lens plane and those atr \ (r1, r2)the source plane It is convenient for calculation if we replace the integration variable t in equation (8) with t@x \ (x1, x2).using equation (10). Note that [O \ t@\ 0. According to the geometric relations in Figure 1, with the deÐnition q\ ct@/a, we
then have the lens equation in component form:
x
i
\ r
i
] 1
4
P
~=
0
[F1i(q) ] F2i(q)]X dq , (23)
where i\ 1, 2 and
F
i1\
4Xq[r1] ([1)iX cos bq]
(1[ p
i
)[(Xq)2] d
i
2(q)]2 [
2([1)ib sin bq
(1[ p
i
)[(Xq)2] d
i
2(q)] , (24)
F
i2\
4Xq[r2 [ ([1)iX sin bq]
(1[ p
i
)[(Xq)2] d
i
2(q)]2 [
2([1)ib cos bq
(1[ p
i
)[(Xq)2] d
i
2(q)] , (25)
d
i
2(q)\ [r1] ([1)iX cos bq]2] [r2[ ([1)iX sin bq]2 , (26)
p
i
\ ([1)i~1 2Xbq
(Xq)2] d
i
2(q) (r1 sin bq] r2 cos bq) . (27)
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